Two kinds of axes are described as achromatic in the vision science literature: those of Le Grand and Ivanoff, originally proposed in the 1940s, and those of Thibos and Bradley proposed in the 1990s. Thibos-Bradley axes are based on chief nodal rays, that is, nodal rays that intersect the pupil at its center. By contrast Le Grand-Ivanoff achromatic axes are pupil independent. The purpose of this paper is to develop the linear optics of Thibos-Bradley achromatic axes and to examine the sense in which such axes can be said to be achromatic. Linear optics is used to define the chief nodal ray of an arbitrary optical system whose refracting elements may be heterocentric and astigmatic and with nonaligned principal meridians. The incident segment of the ray then defines what is called here the incident chief nodal axis and the emergent segment the emergent chief nodal axis. When applied to an eye they become the external and retinal chief nodal axes of the eye. The axes are infinite straight lines. Equations are derived, in terms of the properties of the eye, for the inclination and transverse positions of both axes at incidence onto the eye. An equation is also derived for the position of the retinal chief nodal axis at the retina. The locations of the axes are calculated for a particular model eye in Appendix A. The equations are specialized for the system consisting of an eye and a pinhole in front of it. For a reduced eye the external and retinal chief nodal axes coincide and are independent of the frequency of light; and, hence, the Thibos-Bradley axes are strictly achromatic for that eye. However for more complicated eyes this is not usually the case; the external and retinal axes are usually distinct, dependent on frequency, and, hence, not strictly achromatic. It seems appropriate, therefore, to reserve the term achromatic axis for axes of the Le Grand-Ivanoff type and generalizations thereof, and to call Thibos-Bradley axes chief nodal axes.
Introduction
There are three classes of concepts called achromatic axes in the literature: the achromatic axis of color space (Beer & MacLeod, 2000; Cohen, 2001) , the achromatic axis introduced by Le Grand and Ivanoff in the 1940s (Ivanoff, 1946 (Ivanoff, , 1953 , and the achromatic axis introduced by Thibos and Bradley in the 1990s (Bradley & Thibos, 1995; Thibos & Bradley, 1999; Thibos, Bradley, & Zhang, 1991; Thibos et al., 1990; Thibos et al., 1992; Woods, Bradley, & Atchison, 1996) . The first bears no obvious relationship to the other two and will be of no further concern in this paper. A ray incident onto an optical system as a polychromatic segment usually emerges dispersed; emergent segments of different frequencies emerge at different points and in different directions although the differences may be small. Exceptionally, however, it may be that the emergent segments emerge at the same point, that is, without positional dispersion. Then the straight line, infinite in both forward and backward senses, that contains the incident polychromatic segment (strictly a dichromatic segment) is a Le Grand-Ivanoff achromatic axis of the system. It, and generalizations of it, are treated elsewhere (Harris, 2012) .
Although the Le Grand-Ivanoff achromatic axis provided inspiration for the Thibos-Bradley concept the two are not simply related. The Thibos-Bradley achromatic axis is a chief nodal axis. The purpose of this paper is to develop the linear optics of such axes in systems, like the eye, that may be heterocentric and astigmatic. We also examine the sense in which the Thibos-Bradley axes may be said to be achromatic.
We begin with the concept of the chief nodal ray and use linear optics to derive equations that govern it. We follow broadly the methods and symbolism used before (Harris, 2010a (Harris, , 2012 . The chief nodal ray is used to define the incident and emergent chief nodal axes of an optical system. When applied to the visual optical system of the eye we refer to them as the external and retinal chief nodal axes. Equations are derived for the location of these axes, including the transverse position of the external and retinal chief nodal axes at incidence onto the system, the transverse position of the retinal chief nodal axis at the retina, and the inclination of the axes. Usually these concepts depend on the frequency of the light; accordingly we define chromatic differences. Some special cases, including the reduced eye, are briefly described. A pinhole in front of the eye is sometimes said to shift the Thibos-Bradley achromatic axis (Thibos et al., 1990 (Thibos et al., , 1992 ; the equations for chief nodal axes are, therefore, specialized for the pinhole-eye system.
Chief nodal axes
Consider an optical system. Although we shall think of the optical system as the visual optical system of the eye the analysis applies to systems in general including a compound system of eye and lens or other optical device in front of the eye. Fig. 1 is a schematic representation of the visual optical system of an eye. Z, the longitudinal axis, is a reference axis relative to which transverse position y and inclination a are measured. It is directed in the general direction of the light and defines the positive longitudinal sense through the system. The system is from transverse plane T 0 , immediately in front of the tear film on the cornea, to transverse plane T, immediately anterior to the retina. The system has length z. The only structure of the eye shown explicitly in Fig. 1 is the iris (grey); it partitions the eye into an anterior portion A and a posterior portion B. We assume that, for light of a particular frequency, the medium immediately anterior to T 0 has a uniform index of refraction n 0 and the medium immediately posterior to T a uniform index n.
Consider a ray traversing the system. We distinguish the incident and emergent segments of the ray. In the case of an eye it seems appropriate to refer to them as the external and retinal segments respectively. If the external and retinal segments of the ray are parallel the ray is a nodal ray, the topic of an earlier paper (Harris, 2010a) . If the ray intersects the center of the pupil then it is a chief ray. Bradley and Thibos (1995) stress the importance for the eye of the chief nodal ray, that is, the ray that is both a chief ray and a nodal ray. Three segments of a chief nodal ray are shown by means of solid arrows in Fig. 1 : the first, external to the eye and labeled CN, is incident onto the eye; the second contains the center of the pupil, and the third emerges from the optical system as such and is incident onto the retina. Consider the infinite straight line containing the external (incident) segment of the chief nodal ray and with positive sense defined by the direction of the segment. It is what we shall call the incident chief nodal axis of the system or the external chief nodal axis in the case of the eye. In Fig. 1 it is labeled ECN. Similarly the infinite directed straight line defined by the emergent segment is the emergent or retinal chief nodal axis (RCN). Because they are based on a nodal ray the two axes are parallel.
It is the external and retinal chief nodal axes which Thibos and coworkers term achromatic axes in the case of the eye (Bradley & Thibos, 1995; Thibos & Bradley, 1999; Thibos et al., 1990) . We shall need to examine in what sense, if any, the axes are achromatic.
We note here that reversing the chief nodal ray converts an emergent chief nodal axis into an incident chief nodal axis and vice versa.
The external chief nodal axis intersects transverse planes T 0 and T in points with transverse positions represented by y 0ECN and y ECN respectively, and the retinal chief nodal axis has intersections y 0RCN and y RCN respectively. The four vectors are shown by means of arrows in Fig. 1 . They are represented here as 2 Â 1 matrices whose entries are components with respect to transverse axes Y 1 and Y 2 which we may take to be horizontal and vertical respectively. Because the intersections of the axes with the retina are not normally readily accessible it is convenient to define the inclinations. Thus
is the incident inclination of the external chief nodal axis. We stack the two 2 Â 1 matrices y 0ECN and a 0ECN to define the 4 Â 1 matrix
x 0ECN defines the external chief nodal axis completely at incidence onto the eye. We shall call it the incident location of the external chief nodal axis. Omission of subscript 0 throughout Eq. (2) defines the retinal location x ECN of the external chief nodal axis. Replacement of E by R defines x 0RCN and x RCN , the incident and retinal locations respectively of the retinal chief nodal axis. Because a 0ECN = a ECN = a 0RCN = a RCN there is redundancy in the use of subscripts on a which we tolerate in order to retain consistency in the notations among a, y and x. In order to obtain expressions for the locations of the chief nodal axes we consider the chief nodal ray. It has transverse position y 0CN and inclination a 0CN at incidence onto the eye and transverse position y CN and inclination a CN at the retina. Because it is a nodal ray a 0CN = a CN . From linear optics across the eye we have
and
These are Eqs. (7) and (8) . Schematic representation of the chief nodal axes of an eye for a particular frequency. Z is a longitudinal axis. T 0 is the entrance plane of the eye; it is immediately in front of the tear film on the cornea. The exit plane T is immediately in front of the retina. None of the structures of the eye is shown except for the iris (grey). Three segments of the chief nodal ray are shown: at incidence (the solid line with arrowhead and labeled CN), in the pupil, and at the retina. The external chief nodal axis (ECN) is the infinite directed straight line containing the incident segment of the chief nodal ray; it intersects T 0 and T at transverse positions y 0ECN and y ECN respectively. The retinal chief nodal axis (RCN) is the infinite directed straight line containing the retinal segment; it intersects T 0 and T in y 0RCN and y RCN respectively. The center of the pupil has transverse position y fundamental properties. We shall often simply call y 0CN and y CN positions instead of transverse positions.
Let y P represent the transverse position of the center of the pupil. Eq. (3), written across the anterior portion of the eye, is
Subscript A denotes a property of the anterior portion of the eye. The indices of refraction are functions of the frequency of light. The same is true of the fundamental properties (Evans & Harris, 2011) . Strictly, then, these equations hold for some as yet unspecified frequency.
Eqs. (3)- (5) apply to the chief nodal ray. Applying the definitions of chief nodal axes we next convert these equations to equations governing the axes.
External chief nodal axis
From Eqs. (5) and (4) we obtain equations governing the external chief nodal axis:
I is the 2 Â 2 identity matrix. Eqs. (6) and (7) represent a pair of simultaneous equations in the incident (subscript 0) position y 0ECN and inclination a 0ECN of the external (subscript E) chief nodal axis (subscript CN). The pair can be reduced to the single linear equation
in the incident location x 0ECN defined by Eq. (2). Here
4 Â 4 and
4 Â 1 are two properties of the eye of relevance for the external chief nodal axis. We note that the top block-row of coefficient matrix G 0ECN is a property of the anterior portion and the bottom block-row a property of the eye as a whole. The same is true of vector d 0ECN . Eq. (8) is yet another equation of the form of Eq. (1) of the previous paper (Harris, 2012) , a standard equation in linear algebra. We are interested in solutions for x 0ECN . Depending on G 0ECN and d 0ECN there may be no solution, a single solution, or an infinity of solutions. The previous paper (Harris, 2012) presents all solutions and treats existence and uniqueness of solutions. More particularly we are interested in paraxial solutions, that is those solutions for which both y 0ECN and a 0ECN are small. We make no attempt to define 'small' beyond saying that it depends on the application and that y 0ECN and a 0ECN of magnitudes more than a few millimeters and tenths of radians respectively are probably not meaningful in the case of the eye.
In exceptional cases G 0ECN is singular. Usually one can expect G 0ECN to be nonsingular; in that case there is the unique solution
If this solution is paraxial then it represents the external chief nodal axis of the eye and it does so by specifying the transverse position and inclination of the axis at incidence onto the cornea. The solutions to Eq. (8), described elsewhere (Harris, 2012) , are exhaustive and hold for all optical systems in linear optics. In order to gain more insight one can go back to Eqs. (6) and (7) and attempt to solve them for the two unknown vectors y 0ECN and a 0ECN . One way is to begin with
obtained from Eq. (7), substitute into Eq. (6), and so on, the result being
But these equations are of limited validity; they hold only when the indicated inverses exist. Because it is a function of the eye to converge light it is hard to imagine an eye for which the convergence C is singular. It seems safe to say, therefore, that Eq. (12) does hold for eyes. (It fails for afocal systems.) One can be less sure of Eqs. (13) and (14).
Retinal chief nodal axis
We now take advantage of the fact that the retinal chief nodal axis is the incident chief nodal axis of the reversed system. Whereas above we worked across the whole eye (Eq. (4)) and the anterior portion of the eye (subscript A) (Eq. (5)) we now work across the whole eye and the back portion of the eye (subscript B) but we do so backwards as it were. This involves the inverse of the ray transference (Harris, 2010b) and the matrix transpose of the fundamental properties (superscript T). Instead of Eqs. (6) and (7) we obtain the pair of simultaneous equations
in the transverse position y RCN and inclination a RCN at emergence from the system or at the retina in the case of the eye. Combining Eqs. (15) and (16) 
These two matrices have properties of the back of the eye in the top two rows and properties of the whole eye again in the bottom two rows.Corresponding to Eq. (12) we have
Substituting into Eq. (15) and solving we find that
Again Eqs. (19)- (21) hold provided the indicated inverses exist whereas Eq. (8), but written for the retinal chief nodal axis at the retina, holds for all systems.
The retinal chief nodal axis has incident transverse position
Replacing E by R in Eq. (8) we obtain an equation for x 0RCN , the retinal chief nodal ray at incidence, where it turns out that
G 0RCN and G RCN have identical first -block-columns. These matrices, and the locations of chief nodal axes, are calculated for a particular but arbitrarily-selected four-surface heterocentric astigmatic model eye in Appendix A. Results are tabulated in Table 1 for the frequencies corresponding to the wavelengths in vacuum of 656.3 and 486.1 nm, the light being termed 'red' and 'blue' respectively. Length units are millimeters and reciprocal length units are kilodiopters.
Chromatic differences
Let us now distinguish what we may call the red and blue chief nodal rays and axes. Following the notation used before (Harris, 2012) we introduce superscripts r and b to distinguish properties. We define
and call it the chromatic difference of incident position of the external chief nodal axis. It is with respect to frequencies m r and m b . Other chromatic differences can be defined similarly. Thus Dx 0ECN is the chromatic difference of the incident location of the external chief nodal axis, of which Dy 0ECN and Da 0ECN are two components. Some chromatic differences are calculated for the model eye in Appendix A and displayed in Table 2 . The differences are small but may not be insignificant.
Special cases
If the eye has d 
If the pupil is also centered on Z, that is,
¼ o which implies that the red and blue external chief nodal axes and the optical axis coincide. Furthermore Eq. (18) shows that the two internal chief nodal axes also coincide with the optical axis.
If the longitudinal axis Z is a strong optical axis but the pupil is decentered (y P -o) then the red and blue external and internal chief nodal axes may all differ. In particular we see from Eq. (11) that
Brackets have been added to avoid any possible ambiguity.
Reduced eye
Consider a model eye with a single refracting surface (divergence C) followed by a homogeneous medium with pupil at longitudinal position z A relative to the refracting surface.
We choose longitudinal axis Z to be orthogonal to the refracting surface. The pupil has longitudinal position z A relative to the refracting surface and is decentered by y P . Then A A = I + Cz A /n, B A = Iz A /n, e A = o, D = I, and p = o. Eqs. (9) and (10) become
The external chief nodal axis then has location x 0ECN given by Eq. (11). Because G 0ECN depends on n and n 0 it would appear at first sight that the red and blue external chief nodal axes of the eye are different. Nevertheless numerical computation shows them indeed to be identical in every particular case. That the external chief nodal axis is indeed achromatic in the case of a reduced eye can be seen by writing Eqs. (6) and (7) for this case and making use of C = K(n 0 À n) (Harris, 2012) where K (a symmetric matrix) represents the curvature of the refracting surface. One obtains
and ðI À Kz A Þy 0ECN ¼ y
Both n and n 0 have fallen away and, with them, the dependence on frequency. Eq. (30) is a linear equation in y 0ECN with the unique solution
provided the inverse exists. (The inverse does not exist when a principal center of curvature lies in the plane of the iris, an exceptional case not considered here.) Calculation also shows that y 0RCN = y 0ECN . Thus there is a unique chief nodal axis incident onto the eye with transverse position given by Eq. (31) and inclination given by Eq. (29), the external and retinal axes not being distinct; and the axis is achromatic.
Pinhole aperture in front of the eye
Suppose a pinhole is placed immediately in front of the eye with transverse position y P . The anterior part A of the new system is simply the identity system and the posterior part B is the whole eye. Eq. (6) reduces to
and, hence, Eq. (7) results in
provided the inverse exists. Thus Eqs. (32) and (34) locate the external chief nodal axis of the pinhole-eye system. Equations for the retinal chief nodal axis of the pinhole-eye system can be obtained simply by dropping subscript B from equations above.
Rather than shifting the axes of the eye the pinhole effectively selects a particular nodal ray of the eye, the nodal ray with incident position y P . It defines a corresponding external nodal axis and a corresponding retinal nodal axis, the infinite straight lines containing the incident and retinal segments, respectively, of the nodal ray. The external nodal axis is positionally achromatic at incidence (Eq. (32)) but usually not inclinationally achromatic. The retinal nodal axis is usually neither positionally nor inclinationally achromatic.
Concluding remarks
We have used linear optics here to obtain equations governing chief nodal axes of optical systems in general and of the eye in particular. The systems may be heterocentric and astigmatic. There are two axes, the incident and emergent chief nodal axes, which, in the case of the visual optical system of the eye, we call the external and retinal chief nodal axes. In view of the retina's inherent optical axis (Bradley & Thibos, 1995) it seems to be important to stress the distinction between the external and the retinal chief nodal axes as we have done in this paper.
As we have seen, with some exceptions, the position and inclination of these axes depend on the frequency of the light although for the numerical example treated in Appendix A the dependence is weak. Chief nodal axes are, therefore, not strictly achromatic. The exceptions include systems with strong optical axes whose pupils are centered on the optical axis; the external and retinal chief nodal axes coincide with each other and the optical axis. Strict achromaticity is usually lost if either the pupil is decentered or the optical axis is weak. A normal to the refracting surface of a reduced eye that intersects the center of the pupil is a strong optical axis and both an external and a retinal chief nodal axis. Because it is not strictly and generally achromatic it seems appropriate to drop the adjective 'achromatic' in the case of Thibos-Bradley axes and reserve it for axes of the Le Grand-Ivanoff type and generalizations thereof (Harris, 2012) . refracting surfaces whose principal meridians are not aligned but is otherwise chosen arbitrarily. Its red and blue transferences were determined before (Harris, 2012) . In addition we suppose the center of the pupil to be located 0.5 mm to the left of the longitudinal axis Z. That is, y P ¼ À0:5 0 mm.
The results are tabulated in Tables 1 and 2 . Only those submatrices of the red and blue transferences of the anterior and posterior portions of the eye needed for the subsequent calculation are displayed in Table 1 . Coefficient matrices G 0ECN , G 0RCN , and G RCN were calculated by means of Eqs. (9), (23), and (17) Table 1 . The properties are in millimeters, kilodiopters, and no units as appropriate. The calculated chromatic differences (defined by Eq. (25)) of transverse position and inclination of the chief nodal axes are presented in Table 2 .
From Table 1 we see that linear optics tells us that the external and retinal chief nodal axes have horizontal and vertical components of inclination of 0.1858 and 0.0680 (radians) respectively. In other words if one faces the subject they would slope to the right at about 10.6°and up at about 3.9°relative to longitudinal axis Z. The external axes enter the eye at a point about 1.31 mm to the left and about 0.36 mm below axis Z while the retinal axes enter at about 1.36 mm to the left and 0.30 mm below Z. The chromatic differences are small; the chromatic difference of transverse position at incidence onto the eye being a little more than 1 lm and the chromatic difference of inclination about 0.00022 equivalent to about 0.014°.
All of the coefficient matrices are nonsingular. Hence there is a unique solution in each case to the location of the chief nodal axes of this eye. The solutions might be considered paraxial although the transverse positions at the retina of the red and blue retinal chief nodal axes, with magnitudes about 3.5 mm, are a little large.
